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1
$\cap$. $\mathrm{D}_{n}$ $0_{n}.$’
$\mathfrak{o}_{\sim},,,$ $=$ { $X\in \mathrm{M}\mathrm{a}\mathrm{t}_{\sim n},(^{\prime t^{\neg}}.)$; J‘b $+J_{2n}X=O$}
. \tilde ’n 1 , $0$
$2:t$ . , $X$ ,
(
). $0_{\sim n}$’ , , ,
$0_{\sim n}$’ Cartt ,
. $\mathfrak{y},$ $\mathfrak{n}$ .
$\mathfrak{o}_{2n}$ $U(0_{\lrcorner t}’)$ ZU$(0_{-n}’)$ , , $U(0_{?Jl})$
2n , , , U(y)
$\mathfrak{n}$ $\Phi$ ( )
(cf. [91).
, $\Phi=(\Phi_{i.j})_{i.j=1\ldots..- n},\text{ }\det(\Phi)\text{ }$
$\det(\Phi)=\sum_{\mathrm{s}_{2n}\sigma\in 1^{\vee}}$
sgn ($\sigma\rangle\Phi_{\sigma\langle 1),1}\Phi_{\sigma(2)_{\wedge}}.’\cdots\Phi_{\sigma(2n)_{-}n}.$’ (1.1)
. \Phi =(\Phi i,j $\rangle$ij=l,..., \Phi J2lZ (
Pf $(\Phi)$ ) ,
Pf $( \Phi)=\frac{1}{2^{n},\iota!}\sum_{\vee\sigma\in\tilde{4}_{\ovalbox{\tt\small REJECT}}}$
,
sgn $(\sigma)\tilde{\Phi}_{\sigma(1\rangle.\sigma\langle_{\sim})},\tilde{\Phi}_{\sigma\langle 3)\rho \mathrm{r}4)}\cdots\tilde{\Phi}_{\sigma(_{\wedge}n-1),\sigma(2n)}$, (1.2)
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. , $\tilde{\Phi}_{i.j}$ $\Phi J_{2n}$ ($i,$ $j\rangle$ .
.
$\Phi=(\Phi_{i,j})$ $\det(\Phi)$ ,





. , $a,b,$ $c$ $n$ $b.c$ . ,
$XJ_{\wedge},n$ ( Pf ( ) (
2.3):
Pf (X) $= \sum_{\backslash }^{\lfloor n/\mathrm{J}}\underline’\sum_{Jk=0}$ ,sgn $(\overline{I},I)\mathrm{s}\mathrm{g}\mathrm{n}(\overline{J},J)\det(a_{\overline{J}}^{\overline{J}}\rangle$ $\mathrm{P}\mathrm{f}(b_{l})$ Pf ($c_{J}\rangle$ . (1.4)
, 2 * El $:=\{1,2, \ldots,n\}$ , , $k$
l, . $\overline{I}$ $\overline{J}$ $[n]$ $I$ $J$ , $a_{\overline{J}}^{\overline{l}}$ ,
$\overline{I},$ $\text{ ^{}-}$
$a$ : $b_{l},$ $c_{I}$ , $I$ $b,c$
( , , 2 ).
, (1.4) $a$ (cf. [41).
, $p,q$ $p+q=2r\iota$ , $a$ $\mathrm{p}\cross \mathrm{q}$- FIJ, $b,$ $c$ $P$
$q$ , $X\in$ (1.3) . , $(2, 2)$-
$-\text{ _{}q}{}^{t}aJ_{p}$ . , (1. ( 2.1). , -
([4, Theorem 35]) , $p,$ $q$ –
.
. $X$ $(i, j)$ $X_{i,j}$ $:=E_{i,j2n-j.\iota}-\text{ }E-i\text{ _{}2n}\in \mathfrak{v}_{2n}\subset U(0_{\vee},,)$
. , $E_{i,j}$ $j$) 1 ,
$0$ , $-i$ $2n+1-i$ . ,
Pf (X) ( 3.6):
. $U(0_{2n})$ $X$ (1.3) ,
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:Pf $(\mathrm{X})$ $= \sum_{k=0}^{\lfloor n/2\rfloor}\sum_{T.J\mathrm{c}[n]}$ sgn $(\overline{I},$ $I)$ sgn $(\text{ ^{}-},J)\det(a_{J}^{\overline{l}}+\mathrm{I}_{\overline{J}}^{\overline{T}}\rho(|J\overline{|}\rangle)$ Pf $(c_{J})$ Pf $(b_{I})$ .
$|\eta=|J|=2k$
1 $n$ , $\rho(J)=\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(j-1,j-2, \cdots,0)$ .
, $i,j$ $b_{i,j}\in \mathfrak{n}$ , Pf $(X)\in ZU(0_{2n})$
$\text{ }$
$*1$ ( 37).








Pf $(X)=a_{1,1}a.’.2-a.’.\iota a_{1.2}+c_{1,2}b_{1.2}$ (1.6)
. 1 2 (1.4) $\mathit{1}=\text{ }=\emptyset$ , 3 $I=\text{ }=\{1,2\}$
.
, X (15) .
(1.2) , ( $1.6\rangle$ Pf (X)
Pf $(X)= \frac{1}{2}(a_{1,1}a_{2_{\vee}}.’-a_{2.1}a_{1.2}+c_{1_{\sim}},’ b_{1,2}+a_{l2}a_{1.1}-a_{1_{\sim}},’ a_{2,1}+b_{1,2}c_{1_{\sim}},’)$
$=(a_{1.1}+1)a_{2.2}-a_{2.1}a_{1.2}+c_{1_{\sim}}.’ b_{1,2}$
. (3.6) .
$n$ , $[n],$ $[-n]$ $\{1, 2, \ldots,n\},$ $\{-n, \ldots , -2, -1\}$ , $[\pm n]$ $:=$




$I$ J , u disjoint union .
, . 2n
, . , $i\in[2n]$ , $-i$
2n+l–i . , x Lx .
2 – -








$0_{\sim}’ n:=\{X\in \mathrm{M}\mathrm{a}\mathrm{t}_{-n},(_{\vee}^{\mathrm{r}}‘); r_{XJ_{2n}}+J_{2\pi}X=0\}$
. $X$ $0_{dl}$, , $X$
, , . X
, $X\text{ _{}\sim},n$ $XJ_{\sim},n$ ,
Pf (X) .
















. , $.\mathfrak{r}_{-j.-i}=-x_{i.j},$ $i,$ $-i=1,\mathit{2},$ $\ldots,p,$ $-q,$ $-q+1,$ $\ldots,$ $-\mathit{2},$ $-1$ .
$p\mathrm{x}q,$ $p\mathrm{x}p,$ $q\cross q$ $a.b,$ $c$
$X=:$ (2.2)
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, (22) a,b, c :










$\mathit{1}\subset[p],$ $J\subset[q]$ , $a,b,c$
$a_{J}^{l}:=(a_{i,j})_{i\epsilon l.j\epsilon J}$, $b_{l}:=(b_{i,j})_{i.j\epsilon J}$ , $c_{J}:=(c_{i.j}\rangle_{i,j\epsilon J}$
. , $b_{l}$ $c_{J}$ .
2.1 ( ). $r= \min(p, q),$ $\epsilon$ $P$ ( $P$
$0$ 1) . $X=\in 0_{2\pi}$ , $a,b,c$ ($\mathit{2}.3\rangle$ [
. , Pf (X) :
Pf $(X)= \sum_{k=0}^{\lfloor r/2\rfloor}\sum_{l\subset[p].J\subset[q]}$ sgn $(\overline{I},l)\mathrm{s}\mathrm{g}\mathrm{n}(J,J)\det(a_{\overline{J}}^{\overline{I}})\mathrm{P}\mathrm{f}(b_{\mathit{1}})$Pf $(c_{J})$ . (2.4)
$|\overline{\eta}=1^{\overline{j}}\mathrm{I}\overline{-}\sim^{k+\epsilon}$’
, sgn $(I,I)=\mathrm{s}\mathrm{g}\mathrm{n}(^{\iota_{I}}\cdot;_{I}^{p})$ , sgn $(J,$ $\text{ })=\mathrm{s}\mathrm{g}\mathrm{n}(_{J}^{1};^{q}\text{ })$ .
$*_{\sim}’$ . 2-forms $\Omega$
$\Omega:=\sum_{\epsilon i,j[p]\mathrm{U}[-q]}e_{i}e_{j}x_{i,-j}\in\wedge^{\mathit{2}}t.\neg-,\hslash$
$*3$ . p $\{e_{i}\}_{i}$ $r.\backslash 2\prime l\vee$ . ,















$\ell Y=\sum_{\mathrm{h},s.t>0}\frac{m!}{h!s!t!}2\text{ }0^{\prime t}$ $(m=0,1, \ldots)$ .
$h+s+\iota=m$





Pf $(b_{l})$ , (2.5)
$\Theta’’=2^{t}t!\sum_{J\subset[q].|A=_{-}\iota},e_{-J}$
Pf $(c_{J})$ (2.6)
. , $I=\{i_{1}<i_{\mathit{2}}<\cdots<i,.\}..\text{ }=\{j_{1}<j_{2}<\cdots j_{s}\}$ ,





Pf $(b_{l})$ Pf $(c_{J})$ . (2.7)
$h+s+t=n$ $|l_{1}|=|J_{1}|=h$
$|l|=_{\sim}’ s.|fl=2t$
ffl , (2.7) , Il $\mathrm{u}I=[p]$ $J_{1}\mathrm{u}J=[q]$
$I_{1}$ , I, h . $h+\mathit{2}\mathrm{s}=p$ $h+2t=q$. $h=2k+\epsilon$
.
22. $A=(a_{i.j})_{i.j\epsilon[_{\sim}n]}$, $I\subset[2n]$ ,
$I$




$(-1)^{i+j-1}$ Pf $(A_{[1..\iota..j..2n]},\rangle$ if $i<j$ ,
$0$ if $i=j$,
$(-1)^{i+j}$ Pf $(A_{[\iota..j..\iota..2n]},)$ if $i>j$,
. , $l$’ i . , ,
:
$\delta_{i,j}$ Pf $(A)= \sum_{k=1}^{2n}$ $a_{i.k}$ $\gamma_{j,k}(A)$ . (2.8)
(cf. [8])
$A$ , , \mbox{\boldmath $\gamma$}t7(A) 2n
, $\hat{A}$ . $A$
$\frac{\mathrm{P}\mathrm{f}(A_{l})}{\mathrm{P}\mathrm{f}(A)}=\mathrm{s}_{\Leftrightarrow}^{\mathrm{Q}}\mathrm{n}(I,\overline{I})$ Pf $((\hat{A}/\mathrm{P}\mathrm{f}(A\rangle)_{\overline{\mathit{1}}})$ (2.9)
. , [4, Theorem 3.51 , $p,q$
(24) – .
($2.9\rangle$ $|I|$ .
2.1 $p=q=n$ . ,
$U(0_{\wedge}’ n)$ .
2.3. $X=\in 0_{-\pi}$’ . , $a,$ $b,$ $c$ $n$
. , Pf (X) :











$(\sigma)A_{\sigma(1),\sigma 1_{\vee})},A_{\sigma\{3;.\sigma\langle 4)}\cdots A_{\sigma(_{\sim}n-1).\sigma \mathrm{t}2n)}$,
. d ,
Pf $(A)= \sum_{\sigma}$ sgn $(\sigma)A_{\sigma(1).\sigma(2)}A_{\sigma\langle 3),\sigma \mathrm{t}4)}\cdots A_{\sigma(\mathit{2}n-1).\sigma\langle 2n)}$
. , \Sigma | \mbox{\boldmath $\sigma$} , [2
:
$\sigma(\mathit{2}i-1\rangle$ $<\sigma(2\iota)$ $(i=1,2\ldots., n)$ $\sigma(1)<\sigma(3)<\cdots<\sigma(2n-1\rangle$.
, g\epsilon GL2n(C) , ,
Pf $(gA^{l}g)=\det g$ Pf $(A)$
([51 ).
$A=(A_{i.j})$ , $d$ 2-form
$\Theta_{A}=\sum_{i.j\epsilon \mathfrak{l}\sim^{n]}},e_{i}e_{j}A_{i.j}$
, Pf ($A\rangle$ ([5, Roposition 1.11):
$\Theta_{A’’}=e_{1}e\underline’\cdots e_{\mathit{2}n}2^{tl}n!$Pf $(A)$ . (3.1)
, $U(\mathfrak{d}_{\mathit{2}})$ $\mathit{2}n$ $X$
$X=(X_{i,j})_{i.j\epsilon[\pm n]}$ $Xi.j:=E_{i},j-E-j,-i\in\Re_{\sim}n\subset U(0_{\sim}’ n)$ (3.2)
. $i,j,k,$ $l\in[\pm:l]$ , $X_{i,j}$
$[X_{i.j},X_{k,l}]=\delta_{j,k}X_{i.l}+\delta_{iJ}X_{-j.-k}-\delta_{j.-l}X_{i.-k}-\delta_{i.-k}X_{-j_{\backslash }l}$ (3.3)
.
$X$ , $XJ_{-n}$, , Pf (X)
. $\mathrm{s}\alpha_{-n}$ Adjoint , $U(0_{2n})$ ZU$(0_{\mathit{2},\iota})$ .
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, 02$n$ , , 2n
$S$ ( , [21 ). (3.2)
$X$ , $U(0_{2n})$ $\mathit{2}$-fonn
$\Omega=\sum_{i.j\epsilon[\pm n]}e_{i}e_{-j}X_{i,j}\in\wedge\underline’\Uparrow\{\vee^{-}’\neg’ n_{\Phi U(0_{-n}’)}$,
,
$\Omega^{1}=e_{1}\cdots e_{n}e_{-n}\cdots e_{-1}\mathit{2}^{n}n!$ Pf (X)
.
(2.2) $p=q=r$? , $X$
$X=$








$a_{i.j}=X_{i.j}$ . $b_{i,j}=X_{i,-j}$ , $c_{i,j}=X_{-j,i}$ (3.5)







3.1. $\mathfrak{h}=\oplus_{i\epsilon[n]^{\backslash ^{m}}}-a_{i.i}$ , $0_{\sim}’ n$ Cartan , $b_{i.j}$
$\epsilon_{i}+\epsilon_{j}$ / . , $\epsilon_{i}\in \mathfrak{y}$. diag$(h_{1}, \ldots,h_{n}, -h_{n}, \ldots, -h_{1})$
h, h . , $\epsilon_{i}-\epsilon_{j},$ $i<j$, ,
. , $l:=\oplus_{i.j\epsilon.n\mathrm{J}^{\Gamma}}\cdot a_{i.j}.’ \mathrm{u}:=\oplus_{i_{\backslash }j\epsilon[n],i<j}.\mathbb{C}b_{i,j},$ $\mathfrak{q}:=1\oplus \mathrm{u}$
, q , \iota u Levi
. , $l$ g , 11 $\mathrm{u}^{-}:=\oplus_{i.j\epsilon[n].i<j}\bigcap_{\vee}c_{i,j}$








3.2. $–,$ $\Theta,$ $\Theta’$
$[\Theta, \Theta’]=4\tau_{-}^{-}.$ , $[\Theta,--.]=\mathit{2}\tau\Theta$ , $[\Theta^{\prime-},-\cdot]=-\mathit{2}\tau\Theta’$
. , $\tau=\sum_{i\epsilon[n]}e_{i}e_{-i}$ .
32 , $\mathit{2}- \mathrm{f}\mathrm{o}\mathrm{n}\mathrm{n}\mathrm{s}^{-}-\cdot,$ $\Theta,$ $\Theta’$ [5, Lemma 411 (
sJ2 ) . , ( ) (
[5, Lemma 4.51 ).
3.3. $m=0,1,2\ldots$ . ,
$\mathrm{f}F=\sum_{\dotplus’p+qr=mp.q\cdot\geq 0}\frac{m}{p\cdot!qr!}!.\mathit{2}^{r}\mathit{5}^{\langle r)}(q-p+r-1)\Theta^{\prime p}\Theta^{q}$
. , $u\in^{\wp}\vee$ $r=0,1.2,$ $\ldots$ ,
$–(u):=–+u\tau$ $\overline{\underline{\star}}\langle r)(\iota\iota):=--.(u)_{-}^{-}.(u-1)\cdots--.(u-r+1\rangle$
.
$j\in[n]$ $u\in\iota_{\vee}’-$ , 1-form $\eta_{j}(u\rangle$
$\eta_{j}(u\rangle=\sum_{i\epsilon[n]}e_{i}a_{i.j}(u)$




(cf. [5, Lemma 2.11), ,
$–.( \iota\ell)=\sum_{j\epsilon[n]}\eta_{j}(u)e_{-j}$ (3.7)
.
, I, J\subset [n] , $a,$ $b$, c
$a_{J}^{I}:=(a_{i,j}\rangle_{i\epsilon I.j\epsilon J},$ $b_{l}:=(b_{i.j},\rangle_{i.j\epsilon T},$ $c_{J}:=(c_{i.j})_{i.j\epsilon J}$
.
, , 33 –.
, (cf. [5, Proposition 2.6]).
3.4. $r=0.1,\mathit{2},$ $\ldots$ $u\in 1_{\backslash \vee}^{\cap}$ ,
$- \cdot r\rangle(\prec u+r-1)=r!\sum_{l.J\subset[\hslash]}e_{l}e_{-J}\det(a_{J}^{\mathit{1}}+\mathrm{I}_{J}^{T}\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(u+r-1, u+r-2, \ldots, u))$.
$|\eta=|J|=r$
, 1 $n$ .









, (3.2) , U( ,,)
. , $a,b,$ $c$ (3.4) (3.5) .
Pf $(X)= \sum_{k=0}^{\lfloor n/- \mathrm{J}}’\sum_{l.J\subset[n]}$ sgn $(\overline{I},$ $I)$ sgn $(\overline{J},J)\det(a_{\overline{J}}^{\overline{T}}+\mathrm{I}_{\overline{J}}^{\overline{l}}\rho(|J\overline{|}))\mathrm{P}\mathrm{f}(c_{J})$ Pf $(b_{l})$ $(3.8\rangle$
$|\eta--\sim|J|=_{\vee}’ k$
. p(j) diag(j–l. $j-\mathit{2},$ $\ldots,$ $1$ , 0) .
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36 , Pf (X) , $\text{ }$ $\lambda=\sum_{i}\lambda_{i}\epsilon_{i}$ $\text{ }$
. , , $v_{\mathrm{t}}$, , Pf(X)
$v_{\lambda}$ , 3.1 $b_{i.j}$ , (3.8)
$I=I=\emptyset$ . ,
Pf (X) $\iota_{\lambda}’=\det(a+\rho(n))\iota_{\lambda}$’
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